Abstract: Incompressible fluids are of current interest. Considering a (3+1)-dimensional variable-coefficient Boiti-Leon-Manna-Pempinelli model for an incompressible fluid, we perform symbolic computation to work out a variable-coefficient-dependent auto-Bäcklund transformation, along with two variable-coefficient-dependent classes of the shock-wave-type solutions. Our auto-Bäck-lund transformation is different from the recently reported bilinear one.
Introduction
Of current interest [1] [2] [3] [4] [5] , an incompressible fluid is something like water, where a fixed mass always occupies the same amount of volume, while the Korteweg-de Vries (KdV)-type models are frequently seen in fluids and plasmas [6] [7] [8] [9] . For instance, some (3+1)-dimensional variable-coefficient KdV-type models have been used to describe the incompressible fluids [8] and to represent the dust-ion-acoustic waves in cosmic unmagnetized dusty plasmas such as those in supernova shells and in Saturn's F-ring [9] .
Related to that, soliton investigations have been active, such as the matter-wave solitons in a spin-1 Bose-Einstein condensate [10] , vortices in the ultraclean type-II superconductors [11] , solitons for a generalized Burgers equation [12] , bell-and anti-bell-shaped solitons for the three-coupled KdV equations in fluids [13] , and soliton breakup and soliton switching with stochastic noises in nonlinear optics [14] .
In this paper, let us look at a (3+1)-dimensional variable-coefficient KdV-type extension, or a (3+1)-dimensional variable-coefficient Boiti-Leon-Manna-Pempinelli (BLMP) equation for an incompressible fluid, written as [8] 
where u is an analytic function of the scaled spatial coordinates (x, y, z) and temporal coordinate t, the subscripts denote the partial derivatives, and b(t) ≠ 0 is an analytic function of t. Special cases of (1) can be listed as follows: 1. With b(t) = 1, y = z and v = u y , (1) degenerates into a (2+1)-dimensional BLMP system for an incompressible fluid [15] ,
where v and w are the components of the incompressible-fluid velocity. For System (2) with (3), some compactons and wave excitations have been obtained [15] . System (2) with (3) has been seen as a generalization to some (2+1)-dimensional models [15] [16] [17] .
BLMP equation for an incompressible fluid [7, 8, 15, 18] ,
Equation 4 can also be used to describe the (2+1)-dimensional interaction of the Riemann wave propagating along the y axis with a long wave propagating along the x axis [19] . For (4), multi-periodic solutions [20] , variable-separation solutions [21, 22] , solitonic solutions [23] as well as dromion-solitoff and fractal excitations [24] have been obtained.
Integrabilities of (4) 
multi-solition [19] and Wronskian [26] solutions of which have been discussed.
, u x y t t x y t (1) reduces to the KdV equation [27] ,
which works for the shallow-water waves of long-wavelength and small-amplitude, stratified internal waves and ion-acoustic waves in a plasma [6, 7] , where  is an analytic function of t and the scaled spatial coordinate η, while χ is an analytic function of y.
For (1) itself, with the Bell polynomials, some bilinear form, Lax pair, bilinear Bäcklund transformation, and soliton solutions have been constructed [8] .
However, to our knowledge, no auto-Bäcklund transformation for (1) has been obtained as yet, and we will work in this direction, with certain solitonic solutions as well.
Auto-Bäcklund Transformation for (1)
To begin our work, let us consider the truncated Painlevé expansion in a generalized Laurent series truncated at the constant-level term [28] [29] [30] , i.e., 
where u l and φ are all the analytic functions with u 0 ≠ 0 and φ x ≠ 0, while J = 1 is determined via the leading-order analysis. Substituting Expression 7 into (1), we will make the coefficients of like powers of φ to vanish. With symbolic computation, we work out the Painlevé-Bäcklund equations, as 
u 1 can be considered as a seed solution for (1) [29, 30] . The set of (7-11) constitutes a variable-coefficient-b(t)-dependent auto-Bäcklund transformation, since the whole set is mutually consistent, or explicitly solvable with respect to φ, u 0 , and u 1 (to be seen below). Auto-Bäck-lund Transformation (7-11) is different from the bilinear Bäcklund transformation recently reported in [8] .
Auto-Bäcklund Transformation (7-11) works as a system of equations relating a set of solutions of (1), e.g., (16) , to another set of solutions of (1) itself. Therefore, we could, in principle at least, be able to progressively construct more and more complicated solutions of (1).
Solitonic Solutions for (1)
To show the explicit solvability just mentioned with a solitonic example, we assume that
( , , , ) 1 ,
where the real constant μ ≠ 0, since φ x ≠ 0, ν(y, z, t), α(t), β(t), γ(t) and κ(t) are all the real, differentiable functions. Linear forms of Expressions (12) and (13) have been used only to simplify the computation. Substituting Expressions (12) and (13) into (9-11), we perform symbolic computation and get 
where ψ(y, z) is another real differentiable function. Having used (7) and (8), we can obtain a class of the shock-wave-type solutions for (1), as 
which also depends on the variable coefficient b(t).
